
Rules for integrands of the form (g Sin[e + f x])p (a + b Sin[e + f x])m (c + d Sin[e + f x])n

1. 

g Sine + f x
p
a + b Sine + f x

m

c + d Sine + f x
ⅆx when b c - a d ≠ 0

1.


g Sine + f x
p

a + b Sine + f x

c + d Sine + f x
ⅆx when b c - a d ≠ 0

1.


g Sine + f x a + b Sine + f x

c + d Sine + f x
ⅆx when b c - a d ≠ 0

1:


g Sine + f x a + b Sine + f x

c + d Sine + f x
ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0 ∨ c2 - d2 ⩵ 0

◼
Derivation: Algebraic expansion

Basis: g z
c+d z

⩵ g

d g z
- c g

d g z (c+d z)
◼

Rule: If  b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0 ∨ c2 - d2 ⩵ 0, then



g Sine + f x a + b Sine + f x

c + d Sine + f x
ⅆx ⟶

g

d


a + b Sine + f x

g Sine + f x

ⅆx -
c g

d


a + b Sine + f x

g Sine + f x c + d Sine + f x

ⅆx

◼
Program code:

IntSqrtg_.*sine_.+f_.*x_*Sqrta_+b_.*sine_.+f_.*x_c_+d_.*sine_.+f_.*x_,x_Symbol :=

g/d*IntSqrta+b*Sine+f*xSqrtg*Sine+f*x,x -

c*g/d*IntSqrta+b*Sine+f*xSqrtg*Sine+f*x*c+d*Sine+f*x,x /;

FreeQa,b,c,d,e,f,g,x && NeQ[b*c-a*d,0] && (EqQ[a^2-b^2,0] || EqQ[c^2-d^2,0])

2:


g Sine + f x a + b Sine + f x

c + d Sine + f x
ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ≠ 0 ∧ c2 - d2 ≠ 0

◼
Derivation: Algebraic expansion



Basis: a+b z
c+d z

⩵ b

d a+b z
- b c-a d

d a+b z (c+d z)
◼

Rule: If  b c - a d ≠ 0 ∧ a2 - b2 ≠ 0 ∧ c2 - d2 ≠ 0, then



g Sine + f x a + b Sine + f x

c + d Sine + f x
ⅆx ⟶

b

d


g Sine + f x

a + b Sine + f x

ⅆx -
b c - a d

d


g Sine + f x

a + b Sine + f x c + d Sine + f x

ⅆx

◼
Program code:

IntSqrtg_.*sine_.+f_.*x_*Sqrta_+b_.*sine_.+f_.*x_c_+d_.*sine_.+f_.*x_,x_Symbol :=

b/d*IntSqrtg*Sine+f*xSqrta+b*Sine+f*x,x -

(b*c-a*d)/d*IntSqrtg*Sine+f*xSqrta+b*Sine+f*x*c+d*Sine+f*x,x /;

FreeQa,b,c,d,e,f,g,x && NeQ[b*c-a*d,0] && NeQ[a^2-b^2,0] && NeQ[c^2-d^2,0]

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 2



2.


a + b Sine + f x

g Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0

1:


a + b Sine + f x

g Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0

◼
Derivation: Integration by substitution

Basis: If  a2 - b2 ⩵ 0, then a+b Sin[e+f x]

g Sin[e+f x] (c+d Sin[e+f x])
⩵

- 2 b
f
Subst 1

b c+a d+c g x2
, x, b Cos[e+f x]

g Sin[e+f x] a+b Sin[e+f x]
 ∂x

b Cos[e+f x]

g Sin[e+f x] a+b Sin[e+f x]
◼

Rule: If  b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0, then



a + b Sine + f x

g Sine + f x c + d Sine + f x

ⅆx ⟶ -
2 b

f
Subst

1

b c + a d + c g x2
ⅆx, x,

b Cose + f x

g Sine + f x a + b Sine + f x



◼
Program code:

IntSqrta_+b_.*sine_.+f_.*x_Sqrtg_.*sine_.+f_.*x_*c_+d_.*sine_.+f_.*x_,x_Symbol :=

-2*bf*SubstInt[1/(b*c+a*d+c*g*x^2),x],x,b*Cose+f*xSqrtg*Sine+f*x*Sqrta+b*Sine+f*x /;

FreeQa,b,c,d,e,f,g,x && NeQ[b*c-a*d,0] && EqQ[a^2-b^2,0]

2.


a + b Sine + f x

g Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ≠ 0

1.


a + b Sine + f x

g Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ≠ 0 ∧ c2 - d2 ⩵ 0

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 3



1:


a + b Sine + f x

Sine + f x c + c Sine + f x

ⅆx when a2 - b2 > 0 ∧ b > 0

Basis: If  b - a > 0 ∧ b > 0, then a + b z ⩵ 1 + z a+b z
1+z

◼
Rule: If  a2 - b2 > 0 ∧ b > 0, then



a + b Sine + f x

Sine + f x c + c Sine + f x

ⅆx ⟶ -
a + b

c f
EllipticEArcSin

Cose + f x

1 + Sine + f x
, -

a - b

a + b


◼
Program code:

IntSqrta_+b_.*sine_.+f_.*x_Sqrtsine_.+f_.*x_*c_+d_.*sine_.+f_.*x_,x_Symbol :=

-Sqrt[a+b]c*f*EllipticEArcSinCose+f*x1+Sine+f*x,-(a-b)/(a+b) /;

FreeQa,b,c,d,e,f,x && EqQ[d,c] && GtQ[b^2-a^2,0] && GtQ[b,0]

2:


a + b Sine + f x

g Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ≠ 0 ∧ c2 - d2 ⩵ 0

◼
Rule: If  b c - a d ≠ 0 ∧ a2 - b2 ≠ 0 ∧ c2 - d2 ⩵ 0, then



a + b Sine + f x

g Sine + f x c + d Sine + f x

ⅆx ⟶ -

a + b Sine + f x d Sin[e+f x]

c+d Sin[e+f x]

d f g Sine + f x c2 (a+b Sin[e+f x])

(a c+b d) (c+d Sin[e+f x])

EllipticEArcSin
c Cose + f x

c + d Sine + f x
,

b c - a d

b c + a d


◼
Program code:

IntSqrta_+b_.*sine_.+f_.*x_Sqrtg_.*sine_.+f_.*x_*c_+d_.*sine_.+f_.*x_,x_Symbol :=

-Sqrta+b*Sine+f*x*Sqrtd*Sine+f*xc+d*Sine+f*x

d*f*Sqrtg*Sine+f*x*Sqrtc^2*a+b*Sine+f*x(a*c+b*d)*c+d*Sine+f*x*

EllipticEArcSinc*Cose+f*xc+d*Sine+f*x,(b*c-a*d)/(b*c+a*d) /;

FreeQa,b,c,d,e,f,g,x && NeQ[b*c-a*d,0] && NeQ[a^2-b^2,0] && EqQ[c^2-d^2,0]

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 4



2:


a + b Sine + f x

g Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ≠ 0 ∧ c2 - d2 ≠ 0

◼
Derivation: Algebraic expansion

Basis: a+b z

g z (c+d z)
⩵ a

c g z a+b z
+ (b c-a d) g z

c g a+b z (c+d z)
◼

Rule: If  b c - a d ≠ 0 ∧ a2 - b2 ≠ 0 ∧ c2 - d2 ≠ 0, then



a + b Sine + f x

g Sine + f x c + d Sine + f x

ⅆx ⟶
a

c


1

g Sine + f x a + b Sine + f x

ⅆx +
b c - a d

c g


g Sine + f x

a + b Sine + f x c + d Sine + f x

ⅆx

◼
Program code:

IntSqrta_+b_.*sine_.+f_.*x_Sqrtg_.*sine_.+f_.*x_*c_+d_.*sine_.+f_.*x_,x_Symbol :=

a/c*Int1Sqrtg*Sine+f*x*Sqrta+b*Sine+f*x,x +

(b*c-a*d)/(c*g)*IntSqrtg*Sine+f*xSqrta+b*Sine+f*x*c+d*Sine+f*x,x /;

FreeQa,b,c,d,e,f,g,x && NeQ[b*c-a*d,0] && NeQ[a^2-b^2,0] && NeQ[c^2-d^2,0]

3.


a + b Sine + f x

Sine + f x c + d Sine + f x
ⅆx when b c - a d ≠ 0

1:


a + b Sine + f x

Sine + f x c + d Sine + f x
ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0

◼
Derivation: Algebraic expansion

Basis: 1
z (c+d z)

⩵ 1
c z

- d
c (c+d z)

◼
Rule: If  b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0, then

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 5





a + b Sine + f x

Sine + f x c + d Sine + f x
ⅆx ⟶

1

c


a + b Sine + f x

Sine + f x
ⅆx -

d

c


a + b Sine + f x

c + d Sine + f x
ⅆx

Program code:

IntSqrta_+b_.*sine_.+f_.*x_sine_.+f_.*x_*c_+d_.*sine_.+f_.*x_,x_Symbol :=

1/c*IntSqrta+b*Sine+f*xSine+f*x,x -

d/c*IntSqrta+b*Sine+f*xc+d*Sine+f*x,x /;

FreeQa,b,c,d,e,f,x && NeQ[b*c-a*d,0] && EqQ[a^2-b^2,0]

2:


a + b Sine + f x

Sine + f x c + d Sine + f x
ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ≠ 0

◼
Derivation: Algebraic expansion

Basis: a+b z
z (c+d z)

⩵ a

c z a+b z
+ b c-a d

c a+b z (c+d z)
◼

Rule: If  b c - a d ≠ 0 ∧ a2 - b2 ≠ 0, then



a + b Sine + f x

Sine + f x c + d Sine + f x
ⅆx ⟶

a

c


1

Sine + f x a + b Sine + f x

ⅆx +
b c - a d

c


1

a + b Sine + f x c + d Sine + f x

ⅆx

◼
Program code:

IntSqrta_+b_.*sine_.+f_.*x_sine_.+f_.*x_*c_+d_.*sine_.+f_.*x_,x_Symbol :=

a/c*Int1Sine+f*x*Sqrta+b*Sine+f*x,x +

(b*c-a*d)/c*Int1Sqrta+b*Sine+f*x*c+d*Sine+f*x,x /;

FreeQa,b,c,d,e,f,x && NeQ[b*c-a*d,0] && NeQ[a^2-b^2,0]

2.


g Sine + f x
p

a + b Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 6



1.


g Sine + f x

a + b Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0

1:


g Sine + f x

a + b Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0 ∨ c2 - d2 ⩵ 0

◼
Derivation: Algebraic expansion

Basis: g z

a+b z (c+d z)
⩵ - a g

(b c-a d) g z a+b z
+ c g a+b z

(b c-a d) g z (c+d z)

Rule: If  b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0 ∨ c2 - d2 ⩵ 0, then



g Sine + f x

a + b Sine + f x c + d Sine + f x

ⅆx ⟶

-
a g

b c - a d


1

g Sine + f x a + b Sine + f x

ⅆx +
c g

b c - a d


a + b Sine + f x

g Sine + f x c + d Sine + f x

ⅆx

◼
Program code:

IntSqrtg_.*sine_.+f_.*x_Sqrta_+b_.*sine_.+f_.*x_*c_+d_.*sine_.+f_.*x_,x_Symbol :=

-a*g/(b*c-a*d)*Int1Sqrtg*Sine+f*x*Sqrta+b*Sine+f*x,x +

c*g/(b*c-a*d)*IntSqrta+b*Sine+f*xSqrtg*Sine+f*x*c+d*Sine+f*x,x /;

FreeQa,b,c,d,e,f,g,x && NeQ[b*c-a*d,0] && (EqQ[a^2-b^2,0] || EqQ[c^2-d^2,0])

2:


g Sine + f x

a + b Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ≠ 0 ∧ c2 - d2 ≠ 0

◼
Rule: If  b c - a d ≠ 0 ∧ a2 - b2 ≠ 0 ∧ c2 - d2 ≠ 0, then



g Sine + f x

a + b Sine + f x c + d Sine + f x

ⅆx ⟶

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 7



2 -Cote + f x
2

g Sine + f x

f (c + d) Cote + f x a + b Sine + f x

b + a Csce + f x

a + b
EllipticPi

2 c

c + d
, ArcSin

1 - Csce + f x

2

,
2 a

a + b


◼
Program code:

IntSqrtg_.*sine_.+f_.*x_Sqrta_+b_.*sine_.+f_.*x_*c_+d_.*sine_.+f_.*x_,x_Symbol :=

2*Sqrt-Cote+f*x^2*Sqrtg*Sine+f*xf*(c+d)*Cote+f*x*Sqrta+b*Sine+f*x*Sqrtb+a*Csce+f*x(a+b)*

EllipticPi2*c/(c+d),ArcSinSqrt1-Csce+f*xSqrt[2],2*a/(a+b) /;

FreeQa,b,c,d,e,f,g,x && NeQ[b*c-a*d,0] && NeQ[a^2-b^2,0] && NeQ[c^2-d^2,0]

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 8



2.


1

g Sine + f x a + b Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0

1:


1

g Sine + f x a + b Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0 ∨ c2 - d2 ⩵ 0

◼
Derivation: Algebraic expansion

Basis: 1

a+b z (c+d z)
⩵ b

(b c-a d) a+b z
- d a+b z

(b c-a d) (c+d z)

◼
Rule: If  b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0 ∨ c2 - d2 ⩵ 0, then



1

g Sine + f x a + b Sine + f x c + d Sine + f x

ⅆx ⟶

b

b c - a d


1

g Sine + f x a + b Sine + f x

ⅆx -
d

b c - a d


a + b Sine + f x

g Sine + f x c + d Sine + f x

ⅆx

◼
Program code:

Int1Sqrtg_.*sine_.+f_.*x_*Sqrta_+b_.*sine_.+f_.*x_*c_+d_.*sine_.+f_.*x_,x_Symbol :=

b/(b*c-a*d)*Int1Sqrtg*Sine+f*x*Sqrta+b*Sine+f*x,x -

d/(b*c-a*d)*IntSqrta+b*Sine+f*xSqrtg*Sine+f*x*c+d*Sine+f*x,x /;

FreeQa,b,c,d,e,f,g,x && NeQ[b*c-a*d,0] && (EqQ[a^2-b^2,0] || EqQ[c^2-d^2,0])

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 9



2:


1

g Sine + f x a + b Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ≠ 0 ∧ c2 - d2 ≠ 0

◼
Derivation: Algebraic expansion

Basis: 1

g z a+b z (c+d z)
⩵ 1

c g z a+b z
- d g z

c g a+b z (c+d z)
◼

Rule: If  b c - a d ≠ 0 ∧ a2 - b2 ≠ 0 ∧ c2 - d2 ≠ 0, then



1

g Sine + f x a + b Sine + f x c + d Sine + f x

ⅆx ⟶
1

c


1

g Sine + f x a + b Sine + f x

ⅆx -
d

c g


g Sine + f x

a + b Sine + f x c + d Sine + f x

ⅆx

◼
Program code:

Int1Sqrtg_.*sine_.+f_.*x_*Sqrta_+b_.*sine_.+f_.*x_*c_+d_.*sine_.+f_.*x_,x_Symbol :=

1/c*Int1Sqrtg*Sine+f*x*Sqrta+b*Sine+f*x,x -

d/(c*g)*IntSqrtg*Sine+f*xSqrta+b*Sine+f*x*c+d*Sine+f*x,x /;

FreeQa,b,c,d,e,f,g,x && NeQ[b*c-a*d,0] && NeQ[a^2-b^2,0] && NeQ[c^2-d^2,0]

3.


1

Sine + f x a + b Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0

1:


1

Sine + f x a + b Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0

◼
Derivation: Algebraic expansion

Basis: 1

z a+b z (c+d z)
⩵ b c-a d-b d z

c (b c-a d) z a+b z
+ d2 a+b z

c (b c-a d) (c+d z)

◼
Rule: If  b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0, then

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 10





1

Sine + f x a + b Sine + f x c + d Sine + f x

ⅆx ⟶
d2

c (b c - a d)


a + b Sine + f x

c + d Sine + f x
ⅆx +

1

c (b c - a d)


b c - a d - b d Sine + f x

Sine + f x a + b Sine + f x

ⅆx

◼
Program code:

Int1sine_.+f_.*x_*Sqrta_+b_.*sine_.+f_.*x_*c_+d_.*sine_.+f_.*x_,x_Symbol :=

d^2/(c*(b*c-a*d))*IntSqrta+b*Sine+f*xc+d*Sine+f*x,x +

1/(c*(b*c-a*d))*Intb*c-a*d-b*d*Sine+f*xSine+f*x*Sqrta+b*Sine+f*x,x /;

FreeQa,b,c,d,e,f,x && NeQ[b*c-a*d,0] && EqQ[a^2-b^2,0]

2:


1

Sine + f x a + b Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ≠ 0

◼
Derivation: Algebraic expansion

Basis: 1
z (c+d z)

⩵ 1
c z

- d
c (c+d z)

◼
Rule: If  b c - a d ≠ 0 ∧ a2 - b2 ≠ 0, then



1

Sine + f x a + b Sine + f x c + d Sine + f x

ⅆx ⟶
1

c


1

Sine + f x a + b Sine + f x

ⅆx -
d

c


1

a + b Sine + f x c + d Sine + f x

ⅆx

◼
Program code:

Int1sine_.+f_.*x_*Sqrta_+b_.*sine_.+f_.*x_*c_+d_.*sine_.+f_.*x_,x_Symbol :=

1/c*Int1Sine+f*x*Sqrta+b*Sine+f*x,x - d/c*Int1Sqrta+b*Sine+f*x*c+d*Sine+f*x,x /;

FreeQa,b,c,d,e,f,x && NeQ[b*c-a*d,0] && NeQ[a^2-b^2,0]

2. 

a + b Sine + f x
m
c + d Sine + f x

n

Sine + f x
ⅆx when b c - a d ≠ 0 ∧ m2 ⩵ n2 ⩵ 1

4

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 11



1.


a + b Sine + f x

Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0

1.


a + b Sine + f x

Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0

1:


a + b Sine + f x

Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0 ∧ b c + a d⩵ 0

◼
Derivation: Algebraic expansion

Basis: 1

z c+d z
⩵ - d

c c+d z
+ c+d z

c z

Rule: If  b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0 ∧ b c + a d ⩵ 0, then



a + b Sine + f x

Sine + f x c + d Sine + f x

ⅆx ⟶ -
d

c


a + b Sine + f x

c + d Sine + f x

ⅆx +
1

c


a + b Sine + f x c + d Sine + f x

Sine + f x
ⅆx

Program code:

IntSqrta_+b_.*sine_.+f_.*x_sine_.+f_.*x_*Sqrtc_+d_.*sine_.+f_.*x_,x_Symbol :=

-d/c*IntSqrta+b*Sine+f*xSqrtc+d*Sine+f*x,x +

1/c*IntSqrta+b*Sine+f*x*Sqrtc+d*Sine+f*xSine+f*x,x /;

FreeQa,b,c,d,e,f,x && NeQ[b*c-a*d,0] && EqQ[a^2-b^2,0] && EqQ[b*c+a*d,0]

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 12



2:


a + b Sine + f x

Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0 ∧ b c + a d ≠ 0

◼
Derivation: Integration by substitution

Basis: If  a2 - b2 ⩵ 0 ∧ c2 - d2 ≠ 0, then 
a+b Sin[e+f x]

Sin[e+f x] c+d Sin[e+f x]
⩵ - 2 a

f
Subst 1

1-a c x2
, x, Cos[e+f x]

a+b Sin[e+f x] c+d Sin[e+f x]
 ∂x

Cos[e+f x]

a+b Sin[e+f x] c+d Sin[e+f x]
◼

Rule: If  b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0 ∧ b c + a d ≠ 0, then



a + b Sine + f x

Sine + f x c + d Sine + f x

ⅆx ⟶ -
2 a

f
Subst

1

1 - a c x2
ⅆx, x,

Cose + f x

a + b Sine + f x c + d Sine + f x



◼
Program code:

IntSqrta_+b_.*sine_.+f_.*x_sine_.+f_.*x_*Sqrtc_+d_.*sine_.+f_.*x_,x_Symbol :=

-2*af*SubstInt[1/(1-a*c*x^2),x],x,Cose+f*xSqrta+b*Sine+f*x*Sqrtc+d*Sine+f*x /;

FreeQa,b,c,d,e,f,x && NeQ[b*c-a*d,0] && EqQ[a^2-b^2,0] && NeQ[b*c+a*d,0]

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 13



2.


a + b Sine + f x

Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ≠ 0

1:


a + b Sine + f x

Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ≠ 0 ∧ c2 - d2 ⩵ 0

◼
Derivation: Algebraic expansion

Basis: a+b z

z c+d z
⩵ b c-a d

c a+b z c+d z
+ a c+d z

c z a+b z
◼

Rule: If  b c - a d ≠ 0 ∧ a2 - b2 ≠ 0 ∧ c2 - d2 ⩵ 0, then



a + b Sine + f x

Sine + f x c + d Sine + f x

ⅆx ⟶
b c - a d

c


1

a + b Sine + f x c + d Sine + f x

ⅆx +
a

c


c + d Sine + f x

Sine + f x a + b Sine + f x

ⅆx

◼
Program code:

IntSqrta_+b_.*sine_.+f_.*x_sine_.+f_.*x_*Sqrtc_+d_.*sine_.+f_.*x_,x_Symbol :=

(b*c-a*d)/c*Int1Sqrta+b*Sine+f*x*Sqrtc+d*Sine+f*x,x +

a/c*IntSqrtc+d*Sine+f*xSine+f*x*Sqrta+b*Sine+f*x,x /;

FreeQa,b,c,d,e,f,x && NeQ[b*c-a*d,0] && NeQ[a^2-b^2,0] && EqQ[c^2-d^2,0]

2:


a + b Sine + f x

Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ≠ 0 ∧ c2 - d2 ≠ 0

◼
Rule: If  b c - a d ≠ 0 ∧ a2 - b2 ≠ 0 ∧ c2 - d2 ≠ 0, then



a + b Sine + f x

Sine + f x c + d Sine + f x

ⅆx ⟶

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 14



-
2 a + b Sine + f x

c f a+b

c+d
Cose + f x

-
(b c - a d) 1 - Sine + f x

(c + d) a + b Sine + f x

(b c - a d) 1 + Sine + f x

(c - d) a + b Sine + f x
EllipticPi

a (c + d)

c (a + b)
, ArcSin

a + b

c + d

c + d Sine + f x

a + b Sine + f x

,
(a - b) (c + d)

(a + b) (c - d)


◼
Program code:

IntSqrta_+b_.*sine_.+f_.*x_sine_.+f_.*x_*Sqrtc_+d_.*sine_.+f_.*x_,x_Symbol :=

-2*a+b*Sine+f*xc*f*Rt[(a+b)/(c+d),2]*Cose+f*x*

Sqrt-(b*c-a*d)*1-Sine+f*x(c+d)*a+b*Sine+f*x*Sqrt(b*c-a*d)*1+Sine+f*x(c-d)*a+b*Sine+f*x*

EllipticPia*(c+d)/(c*(a+b)),ArcSinRt[(a+b)/(c+d),2]*Sqrtc+d*Sine+f*xSqrta+b*Sine+f*x,(a-b)*(c+d)/((a+b)*(c-d)) /;

FreeQa,b,c,d,e,f,x && NeQ[b*c-a*d,0] && NeQ[a^2-b^2,0] && NeQ[c^2-d^2,0]

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 15



2.


1

Sine + f x a + b Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0

1:


1

Sine + f x a + b Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0 ∧ c2 - d2 ⩵ 0

◼
Derivation: Piecewise constant extraction

Basis: If  a2 - b2 ⩵ 0 ∧ c2 - d2 ⩵ 0, then ∂x Cos[e+f x]

a+b Sin[e+f x] c+d Sin[e+f x]
⩵ 0

◼
Rule: If  b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0 ∧ c2 - d2 ⩵ 0, then



1

Sine + f x a + b Sine + f x c + d Sine + f x

ⅆx ⟶
Cose + f x

a + b Sine + f x c + d Sine + f x


1

Cose + f x Sine + f x
ⅆx

◼
Program code:

Int1sine_.+f_.*x_*Sqrta_+b_.*sine_.+f_.*x_*Sqrtc_+d_.*sine_.+f_.*x_,x_Symbol :=

Cose+f*xSqrta+b*Sine+f*x*Sqrtc+d*Sine+f*x*Int1Cose+f*x*Sine+f*x,x /;

FreeQa,b,c,d,e,f,x && NeQ[b*c-a*d,0] && EqQ[a^2-b^2,0] && EqQ[c^2-d^2,0]

2:


1

Sine + f x a + b Sine + f x c + d Sine + f x

ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ≠ 0 ∨ c2 - d2 ≠ 0

◼
Derivation: Algebraic expansion

Basis: 1

z a+b z
⩵ - b

a a+b z
+ a+b z

a z

◼
Rule: If  b c - a d ≠ 0 ∧ a2 - b2 ≠ 0 ∨ c2 - d2 ≠ 0, then

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 16





1

Sine + f x a + b Sine + f x c + d Sine + f x

ⅆx ⟶ -
b

a


1

a + b Sine + f x c + d Sine + f x

ⅆx +
1

a


a + b Sine + f x

Sine + f x c + d Sine + f x

ⅆx

◼
Program code:

Int1sine_.+f_.*x_*Sqrta_+b_.*sine_.+f_.*x_*Sqrtc_+d_.*sine_.+f_.*x_,x_Symbol :=

-b/a*Int1Sqrta+b*Sine+f*x*Sqrtc+d*Sine+f*x,x +

1/a*IntSqrta+b*Sine+f*xSine+f*x*Sqrtc+d*Sine+f*x,x /;

FreeQa,b,c,d,e,f,x && NeQ[b*c-a*d,0] && (NeQ[a^2-b^2,0] || NeQ[c^2-d^2,0])

3.


a + b Sine + f x c + d Sine + f x

Sine + f x
ⅆx when b c - a d ≠ 0

1:


a + b Sine + f x c + d Sine + f x

Sine + f x
ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0 ∧ c2 - d2 ⩵ 0

◼
Derivation: Piecewise constant extraction

Basis: If  a2 - b2 ⩵ 0 ∧ c2 - d2 ⩵ 0, then ∂x a+b Sin[e+f x] c+d Sin[e+f x]
Cos[e+f x]

⩵ 0

◼
Rule: If  b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0 ∧ c2 - d2 ⩵ 0, then



a + b Sine + f x c + d Sine + f x

Sine + f x
ⅆx ⟶

a + b Sine + f x c + d Sine + f x

Cose + f x
 Cote + f x ⅆx

◼
Program code:

IntSqrta_+b_.*sine_.+f_.*x_*Sqrtc_+d_.*sine_.+f_.*x_sine_.+f_.*x_,x_Symbol :=

Sqrta+b*Sine+f*x*Sqrtc+d*Sine+f*xCose+f*x*IntCote+f*x,x /;

FreeQa,b,c,d,e,f,x && NeQ[b*c-a*d,0] && EqQ[a^2-b^2,0] && EqQ[c^2-d^2,0]
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2:


a + b Sine + f x c + d Sine + f x

Sine + f x
ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ≠ 0 ∨ c2 - d2 ≠ 0

Derivation: Algebraic expansion

Basis: c+d z
z

⩵ d

c+d z
+ c

z c+d z
◼

Rule: If  b c - a d ≠ 0 ∧ a2 - b2 ≠ 0 ∨ c2 - d2 ≠ 0, then



a + b Sine + f x c + d Sine + f x

Sine + f x
ⅆx ⟶ d



a + b Sine + f x

c + d Sine + f x

ⅆx + c


a + b Sine + f x

Sine + f x c + d Sine + f x

ⅆx

◼
Program code:

IntSqrta_+b_.*sine_.+f_.*x_*Sqrtc_+d_.*sine_.+f_.*x_sine_.+f_.*x_,x_Symbol :=

d*IntSqrta+b*Sine+f*xSqrtc+d*Sine+f*x,x +

c*IntSqrta+b*Sine+f*xSine+f*x*Sqrtc+d*Sine+f*x,x /;

FreeQa,b,c,d,e,f,x && NeQ[b*c-a*d,0] && (NeQ[a^2-b^2,0] || NeQ[c^2-d^2,0])
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3:  Sine + f x
p
a + b Sine + f x

m
c + d Sine + f x

n
ⅆx when b c + a d⩵ 0 ∧ a2 - b2 ⩵ 0 ∧ p + 2 n⩵ 0 ∧ n ∈ ℤ

Derivation: Algebraic simplification

Basis: If  b c + a d ⩵ 0 ∧ a2 - b2 ⩵ 0 ∧ p + 2 n ⩵ 0 ∧ n ∈ ℤ, then 
Sin[e + f x]p (c + d Sin[e + f x])n ⩵ an cn Tan[e + f x]p (a + b Sin[e + f x])-n

Rule: If  b c + a d ⩵ 0 ∧ a2 - b2 ⩵ 0 ∧ p + 2 n ⩵ 0 ∧ n ∈ ℤ, then

 Sine + f x
p
a + b Sine + f x

m
c + d Sine + f x

n
ⅆx ⟶ an cn  Tane + f x

p
a + b Sine + f x

m-n
ⅆx

Program code:

Intsine_.+f_.*x_^p_*a_+b_.*sine_.+f_.*x_^m_.*c_+d_.*sine_.+f_.*x_^n_.,x_Symbol :=

a^n*c^n*IntTane+f*x^p*a+b*Sine+f*x^(m-n),x /;

FreeQa,b,c,d,e,f,m,x && EqQ[b*c+a*d,0] && EqQ[a^2-b^2,0] && EqQ[p+2*n,0] && IntegerQ[n]

4:  g Sine + f x
p
a + b Sine + f x

m
c + d Sine + f x

n
ⅆx when b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0 ∧ c2 - d2 ≠ 0 ∧ m -

1

2
∈ ℤ

◼
Derivation: Piecewise constant extraction and integration by substitution

Basis: If  a2 - b2 ⩵ 0, then ∂x a-b Sin[e+f x] a+b Sin[e+f x]
Cos[e+f x]

⩵ 0

Basis: Cos[e + f x] ⩵ 1
f
∂x Sin[e + f x]

◼
Rule: If  b c - a d ≠ 0 ∧ a2 - b2 ⩵ 0 ∧ c2 - d2 ≠ 0 ∧ m - 1

2
∈ ℤ, then


g Sine + f x

p
a + b Sine + f x

m
c + d Sine + f x

n
ⅆx ⟶

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 19



a - b Sine + f x a + b Sine + f x

Cose + f x


Cose + f x g Sine + f x
p
a + b Sine + f x

m-
1

2 c + d Sine + f x
n

a - b Sine + f x

ⅆx ⟶

a - b Sine + f x a + b Sine + f x

f Cose + f x
Subst



(g x)p (a + b x)m-
1

2 (c + d x)n

a - b x

ⅆx, x, Sine + f x

◼
Program code:

Intg_.*sine_.+f_.*x_^p_*a_+b_.*sine_.+f_.*x_^m_*c_+d_.*sine_.+f_.*x_^n_,x_Symbol :=

Sqrta-b*Sine+f*x*Sqrta+b*Sine+f*xf*Cose+f*x*

SubstInt[(g*x)^p*(a+b*x)^(m-1/2)*(c+d*x)^n/Sqrt[a-b*x],x],x,Sine+f*x /;

FreeQa,b,c,d,e,f,g,m,n,p,x && NeQ[b*c-a*d,0] && EqQ[a^2-b^2,0] && NeQ[c^2-d^2,0] && IntegerQ[m-1/2]

5:  g Sine + f x
p
a + b Sine + f x

m
c + d Sine + f x

n
ⅆx when b c - a d ≠ 0 ∧ ((m n) ∈ ℤ ∨ (m p) ∈ ℤ ∨ (n p) ∈ ℤ)

◼
Derivation: Algebraic expansion

◼
Note: If  p equal 1 or 2, better to use rules for integrands of the form a + b Sine + f x

m
c + d Sine + f x

n
A + B Sine + f x or 

a + b Sine + f x
m
c + d Sine + f x

n
A + B Sine + f x + C Sine + f x

2
 respectively.

◼
Rule: If  b c - a d ≠ 0 ∧ ((m n) ∈ ℤ ∨ (m p) ∈ ℤ ∨ (n p) ∈ ℤ), then

 g Sine + f x
p
a + b Sine + f x

m
c + d Sine + f x

n
ⅆx ⟶

 ExpandTrigg Sine + f x
p
a + b Sine + f x

m
c + d Sine + f x

n
, x ⅆx

Program code:

Intg_.*sine_.+f_.*x_^p_*a_+b_.*sine_.+f_.*x_^m_*c_+d_.*sine_.+f_.*x_^n_,x_Symbol :=

IntExpandTrigg*sine+f*x^p*a+b*sine+f*x^m*c+d*sine+f*x^n,x,x /;

FreeQa,b,c,d,e,f,g,n,p,x && NeQ[b*c-a*d,0] && (IntegersQ[m,n] || IntegersQ[m,p] || IntegersQ[n,p]) && NeQ[p,2]
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X:  g Sine + f x
p
a + b Sine + f x

m
c + d Sine + f x

n
ⅆx

◼
Rule:

 g Sine + f x
p
a + b Sine + f x

m
c + d Sine + f x

n
ⅆx ⟶  g Sine + f x

p
a + b Sine + f x

m
c + d Sine + f x

n
ⅆx

◼
Program code:

Intg_.*sine_.+f_.*x_^p_*a_+b_.*sine_.+f_.*x_^m_*c_+d_.*sine_.+f_.*x_^n_,x_Symbol :=

Unintegrableg*Sine+f*x^p*a+b*Sine+f*x^m*c+d*Sine+f*x^n,x /;

FreeQa,b,c,d,e,f,g,m,n,p,x && NeQ[p,2]
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Rules for integrands of the form (g Sin[e + f x])p (a + b Csc[e + f x])m (c + d Csc[e + f x])n

1.  g Sine + f x
p
a + b Csce + f x

m
c + d Csce + f x

n
ⅆx when b c - a d ≠ 0 ∧ p ∉ ℤ

1:  g Sine + f x
p
a + b Csce + f x

m
c + d Csce + f x

n
ⅆx when b c - a d ≠ 0 ∧ p ∉ ℤ ∧ m ∈ ℤ ∧ n ∈ ℤ

Derivation: Algebraic normalization

Basis: a + b Csc[z] ⩵ b+a Sin[z]
Sin[z]

◼
Rule: If  b c - a d ≠ 0 ∧ p ∉ ℤ ∧ m ∈ ℤ ∧ n ∈ ℤ, then

 g Sine + f x
p
a + b Csce + f x

m
c + d Csce + f x

n
ⅆx ⟶ gm+n  g Sine + f x

p-m-n
b + a Sine + f x

m
d + c Sine + f x

n
ⅆx

◼
Program code:

Intg_.*sine_.+f_.*x_^p_.*a_.+b_.*csce_.+f_.*x_^m_.*c_+d_.*csce_.+f_.*x_^n_.,x_Symbol :=

g^(m+n)*Intg*Sine+f*x^(p-m-n)*b+a*Sine+f*x^m*d+c*Sine+f*x^n,x /;

FreeQa,b,c,d,e,f,g,p,x && NeQ[b*c-a*d,0] && Not[IntegerQ[p]] && IntegerQ[m] && IntegerQ[n]

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 22



2:  g Sine + f x
p
a + b Csce + f x

m
c + d Csce + f x

n
ⅆx when b c - a d ≠ 0 ∧ p ∉ ℤ ∧ ¬ (m ∈ ℤ ∧ n ∈ ℤ)

Derivation: Piecewise constant extraction

Basis: ∂x((g Cos[e + f x])p (g Sec[e + f x])p) ⩵ 0

Rule: If  b c - a d ≠ 0 ∧ p ∉ ℤ ∧ ¬ (m ∈ ℤ ∧ n ∈ ℤ), then

 g Sine + f x
p
a + b Csce + f x

m
c + d Csce + f x

n
ⅆx ⟶ g Csce + f x

p
g Sine + f x

p


a + b Csce + f x
m
c + d Csce + f x

n

g Csce + f x
p

ⅆx

◼
Program code:

Intg_.*sine_.+f_.*x_^p_.*a_.+b_.*csce_.+f_.*x_^m_.*c_+d_.*csce_.+f_.*x_^n_.,x_Symbol :=

g*Csce+f*x^p*g*Sine+f*x^p*Inta+b*Csce+f*x^m*c+d*Csce+f*x^ng*Csce+f*x^p,x /;

FreeQa,b,c,d,e,f,g,m,n,p,x && NeQ[b*c-a*d,0] && Not[IntegerQ[p]] && Not[IntegerQ[m] && IntegerQ[n]]

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 23



Rules for integrands of the form (g Sin[e + f x])p (a + b Sin[e + f x])m (c + d Csc[e + f x])n

1:  g Sine + f x
p
a + b Sine + f x

m
c + d Csce + f x

n
ⅆx when n ∈ ℤ

Derivation: Algebraic normalization

Basis: c + d Csc[z] ⩵ d+c Sin[z]
Sin[z]

◼
Rule: If  n ∈ ℤ, then

 g Sine + f x
p
a + b Sine + f x

m
c + d Csce + f x

n
ⅆx ⟶ gn  g Sine + f x

p-n
a + b Sine + f x

m
d + c Sine + f x

n
ⅆx

◼
Program code:

Intg_.*sine_.+f_.*x_^p_.*a_+b_.*sine_.+f_.*x_^m_.*c_+d_.*csce_.+f_.*x_^n_.,x_Symbol :=

g^n*Intg*Sine+f*x^(p-n)*a+b*Sine+f*x^m*d+c*Sine+f*x^n,x /;

FreeQa,b,c,d,e,f,g,m,p,x && IntegerQ[n]
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2.  g Sine + f x
p
a + b Sine + f x

m
c + d Csce + f x

n
ⅆx when n ∉ ℤ

1.  g Sine + f x
p
a + b Sine + f x

m
c + d Csce + f x

n
ⅆx when n ∉ ℤ ∧ m ∈ ℤ

1:  Sine + f x
p
a + b Sine + f x

m
c + d Csce + f x

n
ⅆx when n ∉ ℤ ∧ m ∈ ℤ ∧ p ∈ ℤ

Derivation: Algebraic normalization

Basis: a + b Sin[z] ⩵ b+a Csc[z]
Csc[z]

◼
Rule: If  n ∉ ℤ ∧ m ∈ ℤ ∧ p ∈ ℤ, then

 Sine + f x
p
a + b Sine + f x

m
c + d Csce + f x

n
ⅆx ⟶ 

b + a Csce + f x
m
c + d Csce + f x

n

Csce + f x
m+p

ⅆx

Program code:

Intsine_.+f_.*x_^p_.*a_+b_.*sine_.+f_.*x_^m_.*c_+d_.*csce_.+f_.*x_^n_,x_Symbol :=

Intb+a*Csce+f*x^m*c+d*Csce+f*x^nCsce+f*x^(m+p),x /;

FreeQa,b,c,d,e,f,n,x && Not[IntegerQ[n]] && IntegerQ[m] && IntegerQ[p]

2:  g Sine + f x
p
a + b Sine + f x

m
c + d Csce + f x

n
ⅆx when n ∉ ℤ ∧ m ∈ ℤ ∧ p ∉ ℤ

Derivation: Algebraic normalization and piecewise constant extraction

Basis: a + b Sin[z] ⩵ b+a Csc[z]
Csc[z]

Basis: ∂x(Csc[e + f x]p (g Sin[e + f x])p) ⩵ 0
◼

Rule: If  n ∉ ℤ ∧ m ∈ ℤ ∧ p ∉ ℤ, then

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 25



 g Sine + f x
p
a + b Sine + f x

m
c + d Csce + f x

n
ⅆx ⟶ Csce + f x

p
g Sine + f x

p


b + a Csce + f x
m
c + d Csce + f x

n

Csce + f x
m+p

ⅆx

◼
Program code:

Intg_.*sine_.+f_.*x_^p_*a_+b_.*sine_.+f_.*x_^m_.*c_+d_.*csce_.+f_.*x_^n_,x_Symbol :=

Csce+f*x^p*g*Sine+f*x^p*Intb+a*Csce+f*x^m*c+d*Csce+f*x^nCsce+f*x^(m+p),x /;

FreeQa,b,c,d,e,f,g,n,p,x && Not[IntegerQ[n]] && IntegerQ[m] && Not[IntegerQ[p]]

2:  g Sine + f x
p
a + b Sine + f x

m
c + d Csce + f x

n
ⅆx when n ∉ ℤ ∧ m ∉ ℤ

Derivation: Piecewise constant extraction

Basis: ∂x (g Sin[e+f x])n (c+d Csc[e+f x])n

(d+c Sin[e+f x])n
⩵ 0

◼
Rule: If  n ∉ ℤ ∧ m ∉ ℤ, then

 g Sine + f x
p
a + b Sine + f x

m
c + d Csce + f x

n
ⅆx ⟶

g Sine + f x
n
c + d Csce + f x

n

d + c Sine + f x
n  g Sine + f x

p-n
a + b Sine + f x

m
d + c Sine + f x

n
ⅆx

Program code:

Intg_.*sine_.+f_.*x_^p_.*a_+b_.*sine_.+f_.*x_^m_*c_+d_.*csce_.+f_.*x_^n_,x_Symbol :=

g*Sine+f*x^n*c+d*Csce+f*x^nd+c*Sine+f*x^n*Intg*Sine+f*x^(p-n)*a+b*Sine+f*x^m*d+c*Sine+f*x^n,x /;

FreeQa,b,c,d,e,f,g,m,n,p,x && Not[IntegerQ[n]] && Not[IntegerQ[m]]
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Rules for integrands of the form (g Csc[e + f x])p (a + b Sin[e + f x])m (c + d Sin[e + f x])n

1.  g Csce + f x
p
a + b Sine + f x

m
c + d Sine + f x

n
ⅆx when b c - a d ≠ 0 ∧ p ∉ ℤ

1:  g Csce + f x
p
a + b Sine + f x

m
c + d Sine + f x

n
ⅆx when b c - a d ≠ 0 ∧ p ∉ ℤ ∧ m ∈ ℤ ∧ n ∈ ℤ

Derivation: Algebraic normalization

Basis: a + b Sin[z] ⩵ b+a Csc[z]
Csc[z]

◼
Rule: If  b c - a d ≠ 0 ∧ p ∉ ℤ ∧ m ∈ ℤ ∧ n ∈ ℤ, then

 g Csce + f x
p
a + b Sine + f x

m
c + d Sine + f x

n
ⅆx ⟶ gm+n  g Csce + f x

p-m-n
b + a Csce + f x

m
d + c Csce + f x

n
ⅆx

◼
Program code:

Intg_.*csce_.+f_.*x_^p_.*a_.+b_.*sine_.+f_.*x_^m_.*c_+d_.*sine_.+f_.*x_^n_.,x_Symbol :=

g^(m+n)*Intg*Csce+f*x^(p-m-n)*b+a*Csce+f*x^m*d+c*Csce+f*x^n,x /;

FreeQa,b,c,d,e,f,g,p,x && NeQ[b*c-a*d,0] && Not[IntegerQ[p]] && IntegerQ[m] && IntegerQ[n]

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 27



2:  g Csce + f x
p
a + b Sine + f x

m
c + d Sine + f x

n
ⅆx when b c - a d ≠ 0 ∧ p ∉ ℤ ∧ ¬ (m ∈ ℤ ∧ n ∈ ℤ)

Derivation: Piecewise constant extraction

Basis: ∂x((g Csc[e + f x])p (g Sin[e + f x])p) ⩵ 0

Rule: If  b c - a d ≠ 0 ∧ p ∉ ℤ ∧ ¬ (m ∈ ℤ ∧ n ∈ ℤ), then

 g Csce + f x
p
a + b Sine + f x

m
c + d Sine + f x

n
ⅆx ⟶ g Csce + f x

p
g Sine + f x

p


a + b Sine + f x
m
c + d Sine + f x

n

g Sine + f x
p

ⅆx

◼
Program code:

Intg_.*csce_.+f_.*x_^p_.*a_.+b_.*sine_.+f_.*x_^m_.*c_+d_.*sine_.+f_.*x_^n_.,x_Symbol :=

g*Csce+f*x^p*g*Sine+f*x^p*Inta+b*Sine+f*x^m*c+d*Sine+f*x^ng*Sine+f*x^p,x /;

FreeQa,b,c,d,e,f,g,m,n,p,x && NeQ[b*c-a*d,0] && Not[IntegerQ[p]] && Not[IntegerQ[m] && IntegerQ[n]]
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Rules for integrands of the form (g Csc[e + f x])p (a + b Sin[e + f x])m (c + d Csc[e + f x])n

1:  g Csce + f x
p
a + b Sine + f x

m
c + d Csce + f x

n
ⅆx when m ∈ ℤ

Derivation: Algebraic normalization

Basis: a + b Sin[z] ⩵ b+a Csc[z]
Csc[z]

◼
Rule: If  m ∈ ℤ, then

 g Csce + f x
p
a + b Sine + f x

m
c + d Csce + f x

n
ⅆx ⟶ gm  g Csce + f x

p-m
b + a Csce + f x

m
c + d Csce + f x

n
ⅆx

◼
Program code:

Intg_.*csce_.+f_.*x_^p_.*a_+b_.*sine_.+f_.*x_^m_.*c_+d_.*csce_.+f_.*x_^n_.,x_Symbol :=

g^m*Intg*Csce+f*x^(p-m)*b+a*Csce+f*x^m*c+d*Csce+f*x^n,x /;

FreeQa,b,c,d,e,f,g,n,p,x && IntegerQ[m]

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 29



2.  g Csce + f x
p
a + b Sine + f x

m
c + d Csce + f x

n
ⅆx when m ∉ ℤ

1.  g Csce + f x
p
a + b Sine + f x

m
c + d Csce + f x

n
ⅆx when m ∉ ℤ ∧ n ∈ ℤ

1:  Csce + f x
p
a + b Sine + f x

m
c + d Csce + f x

n
ⅆx when m ∉ ℤ ∧ n ∈ ℤ ∧ p ∈ ℤ

Derivation: Algebraic normalization

Basis: c + d Csc[z] ⩵ d+c Sin[z]
Sin[z]

◼
Rule: If  m ∉ ℤ ∧ n ∈ ℤ ∧ p ∈ ℤ, then

 Csce + f x
p
a + b Sine + f x

m
c + d Csce + f x

n
ⅆx ⟶ 

a + b Sine + f x
m
d + c Sine + f x

n

Sine + f x
n+p

ⅆx

Program code:

Intcsce_.+f_.*x_^p_.*a_+b_.*sine_.+f_.*x_^m_*c_+d_.*csce_.+f_.*x_^n_.,x_Symbol :=

Inta+b*Sine+f*x^m*d+c*Sine+f*x^nSine+f*x^(n+p),x /;

FreeQa,b,c,d,e,f,m,x && Not[IntegerQ[m]] && IntegerQ[n] && IntegerQ[p]

2:  g Csce + f x
p
a + b Sine + f x

m
c + d Csce + f x

n
ⅆx when m ∉ ℤ ∧ n ∈ ℤ ∧ p ∉ ℤ

Derivation: Algebraic normalization and piecewise constant extraction

Basis: c + d Csc[z] ⩵ d+c Sin[z]
Sin[z]

Basis: ∂x(Sin[e + f x]p (g Csc[e + f x])p) ⩵ 0
◼

Rule: If  m ∉ ℤ ∧ n ∈ ℤ ∧ p ∉ ℤ, then

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 30



 g Csce + f x
p
a + b Sine + f x

m
c + d Csce + f x

n
ⅆx ⟶ Sine + f x

p
g Csce + f x

p


a + b Sine + f x
m
d + c Sine + f x

n

Sine + f x
n+p

ⅆx

◼
Program code:

Intg_.*csce_.+f_.*x_^p_*a_+b_.*sine_.+f_.*x_^m_*c_+d_.*csce_.+f_.*x_^n_.,x_Symbol :=

Sine+f*x^p*g*Csce+f*x^p*Inta+b*Sine+f*x^m*d+c*Sine+f*x^nSine+f*x^(n+p),x /;

FreeQa,b,c,d,e,f,g,m,p,x && Not[IntegerQ[m]] && IntegerQ[n] && Not[IntegerQ[p]]

2:  a + b Sine + f x
m
c + d Csce + f x

n
g Csce + f x

p
ⅆx when m ∉ ℤ ∧ n ∉ ℤ

Derivation: Piecewise constant extraction

Basis: ∂x (g Csc[e+f x])m (a+b Sin[e+f x])m

(b+a Csc[e+f x])m
⩵ 0

◼
Rule: If  m ∉ ℤ ∧ n ∉ ℤ, then

 a + b Sine + f x
m
c + d Csce + f x

n
g Csce + f x

p
ⅆx ⟶

a + b Sine + f x
m
g Csce + f x

m

b + a Csce + f x
m  g Csce + f x

p-m
b + a Csce + f x

m
c + d Csce + f x

n
ⅆx

Program code:

Intg_.*csce_.+f_.*x_^p_.*a_+b_.*sine_.+f_.*x_^m_*c_+d_.*csce_.+f_.*x_^n_,x_Symbol :=

a+b*Sine+f*x^m*g*Csce+f*x^mb+a*Csce+f*x^m*

Intg*Csce+f*x^(p-m)*b+a*Csce+f*x^m*c+d*Csce+f*x^n,x /;

FreeQa,b,c,d,e,f,g,m,n,p,x && Not[IntegerQ[m]] && Not[IntegerQ[n]]

Rules for integrands of the form (g sin[e+f x])^p (a+b sin(e+f x)^m (c+d sin(e+f x))^n 31


