Rules for integrands of the form (gSin[e + fx])P (a+bSin[e+ fx])™ (c +dSin[e + fx])"

sin[e+£x])P (a+bSin[e+fx])"
1_J(g in[e+fx])® (a+bsin[e+fx]) dx whenbc-ad#0

c+dSin[e+fx]

dx whenbc-ad#0

. vJ‘(gSin[e+-Fx])p\/a+bSin[e+-Fx]

c+dSin[e+fx]

\/gsin[e+fx] \/a+bsin[e+-Fx]
' c+dsinfe+fx]

.. J\/gsin[erFx] \/a+bsin[e+fx]

c+dSin[e+-Fx]

1

dx whenbc-ad#0

dx whenbc-ad#@ A (a®>-b?>=0 Vv c*-d?==0)

Derivation: Algebraic expansion

Basis: *B& == —E— _ <&
c+dz dgz d/gz (c+dz)

Rule:iff bc-ad#0 A (a®>-b?=0 Vv c*-d*=0),then

\/gsin[e+fx] '\/a+bSin[e+fx] g \/a+bSin[e++‘x] cgJ '\/a+bSin[e+fx]
. dx — — dx - —
c+dsinfe+fx] d \/gsin[e+fx] ygsin[e+fx] (c+dsSin[e+fx])

dx

Program code:

Int[Sqrt[g_.+sin[e_.+f_.+x_]]*Sqrt[a_+b_.xsin[e_.+f_.xx_]]/(c_+d_.+sin[e_.+f_.xx_]),x_Symbol] :=
g/dxInt[Sqrt[a+bsSin[e+fxx]]/Sqrt[gsSin[e+f+x]],x] -
cxg/d+Int [Sqrt [a+b*sin [e+-F*x] ]/(Sqr‘t [g*Sin [e+f*x] ] * (c+d*Sin [e+'F*x] ) ) ,x] /3
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[bxc-axd,0] && (EqQ[a"2-b"2,0] || EqQ[c"2-d"2,0])

dx whenbc-ad#0 A a2-b%2#0 A c2-d?>#0

). J\\/gsin[e+fx] '\/a+bSin[e+-Fx]

c+dSin[e+-Fx]

Derivation: Algebraic expansion



Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

atbz __ b B bc-ad
c+dz d+a+bz dva+bz (c+dz)

Rule:if bc-ad+0 A a2-b%+0 A c?-d? +0,then

\/gSin[e+fx] '\/a+bSin[e+-Fx] b '\/gsin[e+fx] bc-ad '\/gsin[e+fx]
dx — -— dx -

c+dSin[e+fx] d \/a+bSin[e+fx] d \/a+bSin[e+fx] (c+dSin[e+-Fx])

Basis:

dx

Program code:

Int[Sqrt[g_.+sin[e_.+f_.+x_]]+Sqrt[a_+b_.+sin[e_.+f_.xx_]]/(c_+d_.+sin[e_.+f_.+x_]),x_Symbol] :=
b/d+Int[Sqrt[g+Sin[e+f+x]]/Sqrt[a+bSin[e+fsx]],x] -
(bxc-axd) /dxInt[Sqrt[gSin[e+fxx] ]/(Sqrt [a+bxSin[e+fxx] ] (c+dxSin[e+fxx])),x] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0]



Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

J’ '\/a+bSin[e+-Fx]
2. dx whenbc-ad#0
\/gsin[e+fx] (c+dsin[e+fx])

'\/a+bSin[e+-Fx]
1: dx whenbc-ad#0 A a®-b%==0

\/gsin[ewa] (c+dsinfe+fx])

Derivation: Integration by substitution

Basis: If a2 - b2 == 9, then VatbSin[e:f x] -
VgSin[e+fx] (c+dSin[e+fx])
2b S 1 b Cos[e+f x] b Cos [e+f x]
~2b gupst| —L2— } 3
f bcrad+cgx?? 77 \JgSin[e+fx] a+bSin[e+f x] x \JgSin[e+fx] a+bSin[e+f x]

Rule:if bc —ad +0 A a?-b? = 0,then

'\/a+bSin[e+-Fx] 2b 1 bCos[e+-Fx]
dx — ——Subst[J—zdlx, X,
\/gsin[e+fx] (c+dsin[e+fx]) f bcrad+cgx \/gsin[e+fx] \/a+bsin[e+fx]

Program code:

Int [Sqr't [a_+b_. *sin [e_. +'F_.*x_] ]/(Sql“t [g_.*sin [e_. +'F_.*x_] ] * (c_+d_.*sin [e_. +'F_.*x_] ) ) ,x_Symbol] =
-24b/fxSubst[Int[1/ (bxc+axd+cxg+x 2),X],X,bxCos[e+f+x]/(Sqrt[g+Sin[e+f+x]]+Sqrt[a+bsSin[e+f+x]])] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[bxc-axd,0] && EqQ[a~2-b"2,0]

\/a+bSin[e+fx]
2. dx whenbc-ad#0 A a2-b%+0

\/gsin[ewa] (c+dsinfe+fx])

\/a+bsin[e+fx]
1. dx whenbc-ad#0 A a2-b%2#0 A c2-d?==

\gsin[e+fx] (c+dsinf[e+fx])




Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

\/a+bSin[e+-Fx]
1: dx when a2-b2>0 A b>0

\/Ssin[e+fx] (c+csSinfe+fx])
Basis:If b-a >0 A b > 0,thenm =V1+2z 4f —affzz

Rule: If a2 -b%? >0 A b > 0, then

J‘ \a+bsin[e+fx] -
dx — -
\/Sin[e+fx] (c+cSin[e+-Fx]) cf

Cos[e+fx] a-b

b . .
EllipticE [Ar‘cSln [ 1 oin [e P x] ] > - as b]

Program code:

Int[Sqrt[a_+b_.+sin[e_.+f_.+x_]]/(Sart[sin[e_.+f_.xx_]]*(c_+d_.+sin[e_.+f_.+x_])),x_Symbol] :=
-Sqrt[a+b] /(c»f) «EllipticE[ArcSin[Cos[e+fxx]/(1+Sin[e+fxx])],-(a-b)/ (a+b)] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[d,c] & GtQ[b*2-a"2,0] && GtQ[b,0]

\/a+bsin[e+-Fx]
2: dx whenbc-ad#0 A a2-b%>#0 A c2-d?==0

\gsin[e+fx] (c+dsin[e+fx])

Rule:lf bc-ad+0 A a2-b%2+0 A c?-d? = 0,then

. dSinfe+fx
J \Ja+bsin[e+fx] Varbsinferfx] | SEEEE cCos[e+fx] | bc-ad
dx — -

EllipticE [Ar‘csin [ - ] 5 ]
\gsin[e+fx] (c+dsin[e+fx]) df (gsin[e+fx]\/ c? (asbSin[erfx]) c+dsin[e+fx]* bc+ad

(ac+bd) (c+dSin[e+fx])

Program code:

Int[Sqrt[a_+b_.+sin[e_.+f_.xx_]]/(Sart[g_.+sin[e_.+f_.xx_]](c_+d_.+sin[e_.+f_.+x_])),x_Symbol] :=
-Sqrt[a+bsSin[e+fxx] ] +Sqrt[d«Sin[e+fsx]/(c+d+Sin[e+fxx])]/
(d*'F*Sqr‘t [g*Sin [e+'F*X] ] *Sqrt [c"Z* (a+b*Sin [e+'F*X] )/( (axc+bxd) * (c+d*Sin [e+f*x] ) ) ] ) *
E1lipticE [ArcSin[cxCos [e+fxx]/(c+dxSin[e+fxx])], (bxc-axd) / (bxc+axd)] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[bxc-axd,0] & NeQ[a"2-b"2,0] && EqQ[c"2-d"2,0]



Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

\/a+bSin[e+fx]
2: dx whenbc-ad#0 A a2-b%2#0 A c2-d?>#0

\gsin[e+fx] (c+dsin[e+fx])

Derivation: Algebraic expansion

Basis: —\atbz . a . _(bc-ad) gz
Vgz (c+dz) cVgz Va+bz cgva+bz (c+dz)

Rule:lf bc-ad+0 A a2-b%2+0 A c?-d? +0,then

J \/a+bSin[e+-Fx] a bc-ad '\/gsin[e+fx]

dx — — dx + dx

1
'\/gsin[e+fx] (c+dsinfe+fx]) cJ\'\/gsin[erFx] \/a+bSin[e+fx] ce \/a+bsin[e+fx] (c+dsinfe+fx])

Program code:

Int[Sqrt[a_+b_.+sin[e_.+f_.xx_]]/(Sart[g_.*sin[e_.+f_.xx_]]*(c_+d_.+sin[e_.+f_.xx_])),x_Symbol] :=
a/cxInt[1/(Sqrt[gsSin[e+fsx]]+Sqrt[a+bxSin[e+fxx]]),x] +
(bxc-axd) / (cxg) +Int[Sqrt[g+Sin[e+f+x]]/(Sqrt[a+bsSin[e+fxx] ] (c+dxSin[e+fxx])),x] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[bxc-axd,0] & NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0]

dx whenbc-ad#0

3.J '\/a+bSin[e+-Fx]

sin[e+fx]| (c+dsSin[e+fx])

\/a+bSin[e+-Fx]
1: dx whenbc-ad#0 A a®-b%==0
Sin[e+-Fx] (c+dSin[e+-Fx])

Derivation: Algebraic expansion

e 1 1 ___d
Basis: z (c+dz) = cz c (c+d z)

Rule:if bc —ad 0 A a?-b? == 0,then



Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

J '\/a+bSin[e+-Fx] 1 '\/a+bSin[e+-Fx] d '\/a+bSin[e+fx]
d - dx - — d

X
Sin[e+-Fx] (c+dSin[e+fx]) - c Sin[e+fx] c c+dSin[e+-Fx]

X

Program code:

Int[Sqrt[a_+b_.xsin[e_.+f_.xx_]]/(sin[e_.+f_.xx_]*(c_+d_.xsin[e_.+f_.»x_])),x_Symbol] :=
1/c+Int[Sqrt[a+b«Sin[e+fxx]]/Sin[e+f+x],x] -
d/c+Int[Sqrt[a+b+Sin[e+fxx] ]/(c+d*sin [e+fxx]),x] /3

FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0]

\/a+bSin[e+fx]
2: dx whenbc-ad#0 A a2-b%#0
Sin[e+fx] (c+dSin[e+-Fx])

Derivation: Algebraic expansion

Basis: atbz __ a n bc-ad
z (c+d z) cz+/a+bz ca+bz (c+dz)

Rule:lf bc-ad +0 A a?-b? £ 0,then

J \/a+bSin[e+fx] aJ 1 bc—adJ 1
: - dx — - dx + dx
Sin[e+fx] (c+dsin[e+fx]) ¢ Sin[e+-Fx]\/a+bSin[e+-Fx] ¢ \/a+bSin[e+-Fx] (c+dsinfe+fx])

Program code:

Int[Sqrt[a_+b_.+sin[e_.+f_.xx_]]/(sin[e_.+f_.»x_]*(c_+d_.xsin[e_.+f_.+x_])),x_Symbol] :=
a/cxInt[1/(Sin[e+fxx]«Sqrt[a+bsSin[e+fsx]]),x] +
(bxc-axd) /cxInt[1/(Sqrt[a+bsSin[e+fxx] ]« (c+d+Sin[e+Ffxx])),x] /;

FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0]

(gsinfe+fx])P
2. dx whenbc-ad#0

\as+bsin[e+fx] (c+dsin[esfx])




Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

\/ gsin[e+ fx]

1. dx whenbc-ad#0
\a+bsin[e+fx] (c+dsin[e+fx])

\/ gsin[e+fx]

\a+bsin[e+fx] (c+dsin[e+fx])

dx whenbc-ad#0 A (az-b2==0v c2—d2==0)

Derivation: Algebraic expansion

Basis: = == cgva:bz

Vasbz (c+dz) (bcfad)\jgiz\/m " (bc-ad) Vgz (c+dz)
Rule:iff bc-ad#@ A (a®?-b2=0 Vv c*-d*=0),then
\a+bsin[e+fx] (c+dsin[e+fx])

1 cg J \/a+b5in[e+fx]

ag
- dx +
bc‘adJJgsin[e+fX] \Ja+bsin[e+fx] bc-ad J \[gsin[e+fx] (c+dsinfe+x])

dx —

dx

Program code:

Int[Sqrt[g_.+sin[e_.+f_.+x_]]/(Sart[a_+b_.xsin[e_.+f_.xx_]](c_+d_.+sin[e_.+f_.+x_])),x_Symbol] :=
-axg/ (bxc-axd) »Int[1/(Sqrt[g+Sin[e+fxx] | «Sqrt[a+bsSin[e+fsx]]),x] +
cxg/ (bxc-axd) +Int[Sqrt[a+bxSin[e+f+x]]/(Sqrt[g+Sin[e+fxx] ] (c+dxSin[e+fxx])),x] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[bxc-axd,0] & (EqQ[a"2-b"2,0] || EqQ[c"2-d"2,0])

'\/gSin[e+-Fx]

\/a+bsin[e+fx] (c+dsinfe+fx])

dx whenbc-ad#0 A a®-b%2#0 A c2-d?#0

Rule:if bc-ad+0 A a2-b%2+0 A c?-d? +0,then

\ gSin[e+ fx]

\/a+bSin[e+-Fx] (c+dsinfe+fx])

dx —




Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

\/1—Csc[e+fx] 2a
A2 ],a+b]

2¢
EllipticPi[

) ArcSin[
c+d

2\/—Cot[e+-Fx]2 \/gSin[e+-Fx] \/b+aCsc[e+-Fx]

f(c+d)Cot[e+fx]\/a+bsin[e+fx] a+b

Program code:

Int[Sqrt[g_.+sin[e_.+f_.+x_]]/(Sart[a_+b_.xsin[e_.+f_.xx_]](c_+d_.+sin[e_.+f_.+x_])),x_Symbol] :=
2+Sqrt [-Cot [e+fxx]"2] xSqrt [g+Sin[e+fxx] ]/(-F* (c+d) #Cot [e+fxx] xSqrt[a+bsSin[e+fxx]]) +Sqrt[ (b+axCsc[e+fxx] )/(a+b) IE
EllipticPi[2xc/ (c+d) ,ArcSin[Sqrt[1-Csc[e+fxx]]/Sqrt[2]],2+a/ (a+b)] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0]



Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

1

2.
J\/gsin[e+fx] \/a+bSin[e+-Fx] (c+dsin[e+fx])

dx whenbc-ad#0

1

1:
J\/gsin[e+fx] \/a+bsin[e+fx] (c+dsin[e+fx])

dx whenbc-ad#0 A (az-b2==0v cz-d2==0)

Derivation: Algebraic expansion

Basis: 1 - b B d+va+bz
" Vaibz (c+dz) (bc-ad) +/a+bz (bc-ad) (c+dz)

Rule:iff bc-ad#@ A (a®>-b2=0 Vv c*-d*=0),then

1

dx —

\/gsin[e+-Fx] \/a+bsin[e+fx] (c+dsinfe+fx])

1 d J \/a+bSin[e+-Fx]

b J dx -
bec-ad \/gsin[e+fx] \/a+bSin[e+-Fx] bec-ad ygsin[e+fx] (c+dsinf[e+fx])

dx

Program code:

Int[1/(Sqrt[g_.+sin[e_.+f_.xx_]]*Sqrt[a_+b_.ssin[e_.+f_.+x_]]*(c_+d_.+sin[e_.+f_.+x_])),x_Symbol] :=
b/ (bxc-axd) +Int[1/(Sqrt[g+Sin[e+fxx]]+Sqrt[a+bsSin[e+fxx]]),x] -
d/ (bxc-axd) +Int[Sqrt[a+bsSin[e+f+x]]/(Sqrt[g+Sin[e+fxx] ]+ (c+d+Sin[e+fxx])),x] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[bxc-axd,0] && (EqQ[a~2-b"2,0] || EqQ[c"2-d"2,0])



Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

1
dx whenbc-ad#0 A a2-b2#0 A c2-d?>#0

\/gsin[e+fx] '\/a+bSin[e+-Fx] (c+dsinfe+fx])

Derivation: Algebraic expansion

Basis: L == L - digz
\Vgz Va+bz (c+dz) cvVgz VVa+bz cgva+bz (c+dz)

Rule:lf bc-ad+0 A a2-b2+0 A c?-d? +9,then

1

dx — —

\/gsin[e+fx] \/a+bsin[e+fx] (c+dsinfe+fx]) J\/g51n[e+fx] \/a+b51n[e+fx]

Program code:

Int[1/(Sqrt[g_.+sin[e_.+f_.xx_]]+Sart[a_+b_.xsin[e_.+f_.»x_]]*(c_+d_.+sin[e_.+f_.+x_])),x_Symbol] :=

1/c+Int[1/(Sart[g+Sin[e+fxx]]+Sqrt[a+bsSin[e+fsx]]),x] -
d/ (cxg) +Int[Sqrt[g+Sin[e+fxx]]/(Sqrt[a+bxSin[e+fxx] ]+ (c+dxSin[e+fxx])),x] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[bxc-ad,0] & NeQ[a"2-b"2,0] && NeQ[c"2-d"2,0]

1
3.J dx whenbc-ad#0
sin[e+fx]/a+bsin[e+Ffx] (c+dSine+Fx])

1:J ! dx whenbc-ad#0 A a2-b%==0
Sin[e+fx] \/a+bSin[e+fx] (c+dSin[e+-Fx])

Derivation: Algebraic expansion

Basis: 1 — bc-ad-bdz N d2/aibz
Z\/m (c+d z) c (bc-ad) z/a+bz c (bc-ad) (c+dz)

Rule:if bc-ad + 0 A a%-b? == 0, then

gSln[e+-Fx]

\asbsin[e+fx] (c+dsinfe+fx])

dx

10



Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

J 1 d2 '\/a+bSin[e+-Fx] 1 J bc-ad-bdsin[e+fx]
dx — dx +

Sin[e+fx]\/a+bsin[e+fx] (c+dSin[e+fx]) c(bc-ad c+dSin[e+-Fx] c(bc-ad

Program code:

Int[1/(sin[e_.+f_.xx_]+Sqrt[a_+b_.+sin[e_.+f_.xx_]]*(c_+d_.xsin[e_.+f_.+x_])),x_Symbol] :=
d*2/ (cx (bxc-axd)) +Int [Sqrt[a+bsSin[e+fxx]]/(c+d+Sin[e+Ffxx]),x] +
1/ (c*x (bxc-axd)) xInt [ (b*c—a*d—b*d*Sin [e+f*x] )/(Sin [e+f*x] *Sqrt [a+b*S:i.n [e+f*x] ] ) ,x] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0]

1
Z:J dx whenbc-ad#0 A a2-b%#0
Sin[e+fx]\/a+bsin[e+fx] (c+dSin[e+fx])

Derivation: Algebraic expansion

e 1 -1  _d
Basis: z (c+dz)  cz c (c+d z)

Rule:lf bc—ad +0 A a?-b? £ 0,then

1

Sin[e+fx] \/a+bsin[e+fx]

J 1 dx — E\J‘ ! dlx—gJ
Sin[e+-Fx]\/a+bSin[e+-Fx] (c+dSin[e+-Fx]) ¢ Sin[e+fx]\/a+bsin[e+fx] ¢ \/a+bsin[e+fx]

Program code:

Int[1/(sin[e_.+f_.xx_]+Sqrt[a_+b_.+sin[e_.+f_.xx_]]*(c_+d_.xsin[e_.+f_.+x_])),x_Symbol] :=
1/c*Int[1/(Sin[e+-F*x]*Sqr-t[a+b*Sin[e+f*x]]),x] = d/c*Int[1/(Sqrt[a+b*sin[e+f*x]]*(c+d*Sin[e+-F*x])),x] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0]

dx whenbc—ad;ea/\mzxnz::i

5 J-(a+bSin[e+-Fx])'“ (c+dsin[e+fx])"

Sin[e+fx]

(c+dSin[e+fX])

dx

dx

11



Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

J '\/a+bSin[e+-Fx]
1. dx whenbc-ad#0

Sin[e+-Fx] \/c+dSin[e+fx]

\/a+bSin[e+fx]
1. dx whenbc-ad#0 A a?-b%==0
Sin[e+-Fx] \/c+dsin[e+fx]
\a+bsin[e+fx]
1: dx whenbc-ad#0 A a®-b%>==0 Abc+ad=0
Sin[e+fx] \/c+dSin[e+-Fx]

Derivation: Algebraic expansion

Basis: — 21— = - —4_ , Jcdz
z~\/c+dz c\c+dz cz

Rule:if bc-ad+0© A a?-b%>==0 A bc+ad=0,then

J \/a+bSin[e+fx] d '\/a+bSin[e+-Fx] 1J’\/a+bsin[e+fx] \/c+dSin[e+-Fx]
dx + — d
c

dx — -— -
Sin[e+fx]\/c+dsin[e+fx] ¢ \/c+dSin[e+-Fx] Sln[e+-Fx]

X

Program code:

Int[Sqrt[a_+b_.+sin[e_.+f_.xx_]]/(sin[e_.+f_.»x_]*Sqrt[c_+d_.xsin[e_.+f_.»x_]]),x_Symbol] :=
-d/cxInt[Sqrt[a+bxSin[e+fxx]]/Sqrt[c+dsSin[e+fxx]],x] +
1/c*Int[Sqrt[a+bxSin[e+fxx]|]*Sqrt[c+dxSin[e+fxx] ]/Sin [e+f*x],x] /3

FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && EqQ[a"2-b"2,0] && EqQ[bxc+axd,0]



Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

\/a+bSin[e+fx]
2: dx whenbc-ad#0 A a2-b>==0 Abc+ad#0

Sin[e+fx] \/c+dsin[e+fx]

Derivation: Integration by substitution

Basis: If a2 - b%? == 0 A c? -d? + 9, then

v/a+b Sin[e+f x] o ZTa Subst 1_31 Cos [e+f x]

X
Sin[e+fx] v/c+dSin[e+f x] x2? 72 [aibSinle+fx] c+dSin[e+f x]

Rule:if bc-ad+0© A a?-b%>==0 A bc+adz+0,then

Cos[e+f x]

} Ox ~Ja+bSin|

e+fx] c+dSin[e+f x]

\/a+bSin[e+fx] 2a 1 Cos[e+-Fx]
dx — —T Subst[J— dx, X,

Sin[e++‘x] \/c+dSin[e+fx]

Program code:

Int[Sqrt[a_+b_.+sin[e_.+f_.xx_]]/(sin[e_.+f_.»x_]*Sqrt[c_+d_.ssin[e_.+f_.»x_]]),x_Symbol] :=
-2+a/fxSubst[Int[1/ (1-axc*Xx"2),X],X,Cos[e+f+x]/(Sqrt[a+b+Sin[e+f+x]]+Sqrt[c+dsSin[e+Ffxx]])] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] & EqQ[a"2-b"2,0] && NeQ[bxc+a+d,0]

\/a+bSin[e++‘x] '\/c+dSin[e+-Fx]
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Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

'\/a+bSin[e+-Fx]
2. dx whenbc-ad#0 A a2-b%#0

Sin[e+fx] \/c+dsin[e+fx]

\/a+bsin[e+fx]
1: dx whenbc-ad#0 A a2-b%2#0 A c2-d*==0
Sin[e+-Fx] \/c+dSin[e+-Fx]

Derivation: Algebraic expansion

Basis: \Ja+b z . bc-ad " a/c+dz
.Z\/C+d2 cva+bz /c+dz cz+a+bz

Rule:if bc-ad+0 A a2-b?+0 A c?-d? = 0,then

J \/a+bSin[e+fx] bc-ad

dx — dx + —
C

1
\/a+b51n[e+fx] \/c+d51n[e+fx]

Sin[e+fx] \/c+dsin[e+fx]

Program code:

Int[Sqrt[a_+b_.+sin[e_.+f_.xx_]]/(sin[e_.+f_.»x_]*Sqrt[c_+d_.xsin[e_.+f_.»x_]]),x_Symbol] :=
(bxc-axd) /cxInt[1/(Sqrt[a+bxSin[e+fxx]|]*Sqrt[c+dsSin[e+fsx]]),x] +
a/cxInt[Sqrt[c+d«Sin[e+fxx]]/(Sin[e+fxx]+Sqrt[a+bsSin[e+f+x]]),x] /;

FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] 8&& EqQ[c"2-d"2,0]

\/a+bsin[e+fx]
2: dx whenbc-ad#0 A a2-b%2#0 A c2-d*>#0
Sin[

e+fx]\/c+dsin[e+fx]

Rule:if bc-ad+0 A a2-b%+0 A c?-d? +0,then

J' '\/a+bSin[e+-Fx]
dx —

Sin[e+-Fx] \/c+dSin[e+-Fx]

:J

\/c+dSin[e+fx]

Sin[e+fx] '\/a+bSin[e+fx]

dx

14



Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

_2(a+bsinfesFx]) \l_(bc—ad) (1-sin[e+fx])

c-FJ% Cos[e+fx]

\J (bc-ad) (1+Sin[e+fx])

(c+d) (a+bsin[e+fx])

a (c+d)
c (a+b)

arb \c+dsinfe+fx] (a-b)(c-rd)]

Ellipticpi[ s
c+d (a+b) (c-d)

B Ar‘cSin[

(c-d) (a+bsin[e+fx]) \/a+bsin[e+fx]

Program code:

Int[Sqrt[a_+b_.+sin[e_.+f_.xx_]]/(sin[e_.+f_.»x_]*Sqrt[c_+d_.xsin[e_.+f_.»x_]]),x_Symbol] :=
-2% (a+b*sin [e+'F*x] )/(c*f*Rt [ (a+b) / (c+d) ,2] xCos [e+f*x] ) *
Sqrt [— (bxc-axd) * (1—Sin [e+f*x] )/( (c+d) * (a+b*Sin [e+-F*x] ) ) ] *Sqrt [ (bxc-axd) * (1+Sin [e+f*x] )/( (c-d) » (a+b*Sin [e+f*x] ) ) ] *

EllipticPi[ax (c+d)/ (cx (a+b)),ArcSin[Rt[ (a+b)/(c+d),2] *Sqrt[c+d=Sin[e+fxx] ]/Sqr't [a+bxSin[e+fxx]]], (a-b) * (c+d) / ((a+b) x (c-d)) ] /;

FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && NeQ[a"2-b"2,0] 8&& NeQ[c"2-d"2,0]
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Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

Z.J = dx whenbc-ad#0
Sin[e+-Fx] \/a+bSin[e+-Fx] '\/c+dSin[e+-Fx]

1
1:J dx whenbc-ad#0 A a2-b%?==0 A c2-d*==0
Sin[e+fx]\/a+bsin[e+fx] \/c+dsin[e+fx]

Derivation: Piecewise constant extraction

Basis: If a2 - b2 == @ A c? - d? == 9, then 6y Cos[e+f X] --
va+bSin[e+fx] +/c+dSin[e+fx]

Rule:lf bc-ad+0 A a2-b2 =0 A c?-d? = 0,then

1 Cos[e+fx] 1
dx — J dx
Cos[e+-Fx] Sin[e+fx]

Sin[e+fx] \/a+bSin[e+fx] '\/c+d5in[e+fx] \/a+bSin[e+fx] \/c+dSin[e+fx]

Program code:

Int[1/(sin[e_.+f_.*x_]+Sqrt[a_+b_.+sin[e_.+f_.+x_]]+Sqrt[c_+d_.xsin[e_.+f_.»x_]]),x_Symbol] :=
Cos [e+fxx]/(Sqrt[a+bxSin[e+fxx]]*Sqrt[c+d«Sin[e+fxx]])+Int[1/(Cos[e+Ffxx]+Sin[e+fsx]),x] /;
FreeQ[{a,b,c,d,e,f},x] & NeQ[bxc-axd,0] & EqQ[a"2-b"2,0] & EqQ[c"2-d"2,0]

1
Z:J dx whenbc-ad#08 A (a®>-b?#0 v c*-d” @)
Sin[e+-Fx] '\/a+bSin[e+-Fx] \/c+d5in[e+fx]

Derivation: Algebraic expansion

Basis: — 22— == - —b_ , a:bz
z+a+bz a‘va+bz az

Rule:iff bc-ad#0 A (a®>-b?#0 Vv c®-d? #0),then

16



Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

b Si f
J ! dx — —EJ = d]x+1J\ \/a+ 1n[e+ X] dx
Sin[e+fx]\/a+bsin[e+fx] \/c+d5in[e+fx] a \/a+bsin[e+fx] \/c+dsin[e+fx] a Sin[e+fx]\/c+dsin[e+fx]

Program code:

Int[1/(sin[e_.+f_.xx_]+Sqrt[a_+b_.+sin[e_.+f_.+x_]]*Sart[c_+d_.xsin[e_.+f_.»x_]]),x_Symbol] :=
-b/axInt[1/(Sqrt[a+bxSin[e+fsx]]+Sqrt[c+d+Sin[e+fxx]]),x] +
1/axInt[Sqrt[a+b«Sin[e+fxx]]/(Sin[e+fxx]+Sqrt[c+dxSin[e+fxx]]),x] /;

FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && (NeQ[a"2-b"2,0] || NeQ[c"2-d"2,0])

dx whenbc-ad+0

s J\\/a+b5in[e+fx] \/c+dsin[e+fx]

Sin[e+-Fx]

\/a+bSin[e+fx] \/c+dSin[e+-Fx]
1: dx whenbc-ad#0 A a2-b%2==0 A c>-d?==0
Sin[e+-Fx]

Derivation: Piecewise constant extraction

Basis: If a2 - b2 -9 A c2 - d? -- 0, then oy atbSin[e+fx] vcrdSinferfx] __ g
Cos [e+f x]

Rule:lf bc-ad+0 A a2-b%2 =0 A c?-d? = 0,then

\/a+bSin[e+fx] \/c+d5in[e+fx] \/a+bSin[e+fx] \/c+dsin[e+fx]
dx —

~J‘Cot[e + -Fx] dx

Sin[e + fx| Cos[e+ fx|

Program code:

Int[Sqrt[a_+b_.+sin[e_.+f_.xx_]]+Sqrt[c_+d_.xsin[e_.+f_.»x_]]/sin[e_.+f_.»x_],x_Symbol] :=
Sqrt[a+bxSin[e+fxx] ] +Sqrt[c+d+Sin[e+fxx]]/Cos[e+fsx]+Int[Cot[e+fsx],x] /;
FreeQ[{a,b,c,d,e,f},x] & NeQ[bxc-axd,0] & EqQ[a"2-b"2,0] & EqQ[c"2-d"2,0]



Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

" \/a+bsin[e+fx] '\/c+dSin[e+-Fx]

dx whenbc-ad#@ A (a®>-b’#0 v c*-d*#0)
Sin[e+-Fx]

Derivation: Algebraic expansion

Basis; ¥<xdz. . —d ¢
z \Jc+dz z+\c+dz

Rule:iff bc-ad#@ A (a?-b? %@ Vv c?-d?#0),then

\J"\/a+b5in[e+fx] \/c+dSin[e+-Fx] dJ"\/.’:\+b5in[e+fx] J \/a+bSin[e+fx]
dx — dx + c

Sin[e+-Fx]

dx

\/c+dSin[e+-Fx] Sin[e+fx]\/c+dsin[e+fx]

Program code:

Int[Sqrt[a_+b_.+sin[e_.+f_.xx_]]+Sart[c_+d_.xsin[e_.+f_.»x_]]/sin[e_.+f_.»x_],x_Symbol] :=
d«Int[Sqrt[a+bxSin[e+fxx]]/Sqrt[c+d«Sin[e+fxx]],x] +
cxInt[Sqrt[a+bxSin[e+fxx]]/(Sin[e+Ffxx] xSqrt[c+d+Sin[e+fxx]]),x] /;

FreeQ[{a,b,c,d,e,f},x] && NeQ[bxc-axd,0] && (NeQ[a"2-b"2,0] || NeQ[c"2-d"2,0])
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Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

3: jsin[e+fx]p(a+bSin[e+fx])'"(c+dSin[e+fx])"d1x whenbc+ad=0 A a2-b2=0 Ap+2n=0 A nez

Derivation: Algebraic simplification

Basis:If bc+ad=0 A a?-b2=0 Ap+2n=0 A necZthen
Sin[e+fx]P (c+dSin[e+fx])"=a"c"Tan[e+fx]P (a+bSin[e+fx]) ™"

Rule:if bc+ad=0 A a2-b2=0 Ap+2n=0 A neZthen

JSin[erFx]p (a+bSin[e+-Fx])"' (c+dSin[e+-Fx])"d1x — a"‘c"J.Tan[erFx]p (a+bSin[e+-Fx])"""d1x

Program code:

Int[sin[e_.+f_.*x_]"p_x(a_+b_.*sin[e_.+f_.»x_])"m_.*(c_+d_.»sin[e_.+f_.«x_])~n_.,x_Symbol] :=
arnxcrnxInt[Tan[e+fxx] px (a+bxSin[e+fxx])~(m-n),x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] && EqQ[p+2xn,0] && IntegerQ[n]

4: j(gsin[e+fx])p (a+bSin[e+-Fx])“1 (c+dSin[e+-Fx])"d1x whenbc-ad#0 A a2-b%==0 A c2-d2#0 A m—%ez

Derivation: Piecewise constant extraction and integration by substitution

Basis: If a2 - b2 == @, then &, Va-bSinle:fx] vatbSinfe:fx] __ g
Cos[e+f x|

Basis: Cos [e + f x] == %OXSin[eH:x]
Rule:lf bc-ad+0 A a?2-b2==0 A c?>-d*>+0 /\mf%ez,then

J(gsin[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx —
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Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

\/a—bSin[e+-Fx] \/a+bSin[e+fx] Cos[e+fx] (gsin[e+fx])P (a+bSin[e+-Fx])m'§ (c+dsinfe+fx])"

Cos[e+-Fx] \/a—bsin[e+fx]

dx —

1

\/a—bsin[e+fx] \/a+bsin[e+fx] Sbt[ (EX)P (@a+bx)™7 (c+dx)"
ubs
f Cos[e + fx] Va-bx

dx, X, Sin[e+fx]]

Program code:

Int[(g_.»sin[e_.+f_.%x_])"p_(a_+b_.*sin[e_.+f_.»x_])"m_x(c_+d_.+sin[e_.+f_.»x_])~n_,x_Symbol]| :=
Sqrt[a-bxSin[e+fxx] ] +Sqrt[a+bsSin[e+f+x]]/(FxCos[e+fxx])
Subst [Int[ (gxx) "px (a+bxx) " (m-1/2) » (c+d*X) *n/Sqrt[a-bxx],X],X,Sin[e+fxx]] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x]| && NeQ[bxc-axd,0] && EqQ[a~2-b"2,0] & NeQ[c"2-d"2,0] && IntegerQ[m-1/2]

5: J(gSin[erFx])p(a+bSin[e+-Fx])'“(c+dSin[e+-Fx])"dlx whenbc-ad#@ A ((m|[n)ez Vv (m|p)€ezZ V (n|p)€z)

Derivation: Algebraic expansion

Note: If p equal 1 or2, better to use rules for integrands of the form (a+bsin[e+£x])" (c+dsin[e+£x])" (A+BSsin[e+fx]) OF
(a+bsin[e+fx])" (c+dSin[e+fx])" (A+BSin[e+fx] +CSin[e+fx]?) respectively.

Rule:lff bc-ad+@ A ((m|n)ezZV (m|p)ezZV (n|p)eZ),then

J-(gsin[erFx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx —
jExpandTr‘ig[(gSin[e+-Fx])p (a+bsinfe+fx])" (c+dsin[e+fx])", x] dx

Program code:

Int[(g_.»sin[e_.+f_.»x_])~p_x(a_+b_.*sin[e_.+f_.»x_])"m_x(c_+d_.+sin[e_.+f_.xx_])~n_,x_Symbol] :=
Int [ExpandTrig[ (gxsin[e+fxx]) px (a+bxsin[e+fxx]) " m« (c+dxsin[e+Ffxx]) n,x],x] /;
FreeQ[{a,b,c,d,e,f,g,n,p},x| && NeQ[bxc-a+d,0] & (IntegersQ[m,n] || IntegersQ[m,p] || IntegersQ[n,p]) && NeQ[p,2]



Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

X: J(gsin[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx

Rule:

J.(gsin[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx — J.(gSin[erFx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx

Program code:

Int[(g_.»sin[e_.+f_.%x_])"p_x(a_+b_.*sin[e_.+f_.»x_])"m_x(c_+d_.+sin[e_.+f_.xx_])~n_,x_Symbol] :=
Unintegrable[ (g+Sin[e+fxx])~px (a+bxSin[e+fxx]) mx (c+dxSin[e+Ffxx])~n,x] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x]| && NeQ[p,2]
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Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n
Rules for integrands of the form (gSin[e + fx])P (a+bCsc[e+fx])™ (c+dCsc[e+ fx])"

1. j(gSin[ewa])p (a+bCsc[e+fx])" (c+dCsc[e+fx])"dx whenbc-ad#@ A p¢z

1: J(gsin[e+fx])p (a+bcsc[e+fx])" (c+dCsc[e+fx])"dx whenbc-ad#@ Ap¢Z AmeZ Anez

Derivation: Algebraic normalization

Basis:a + b Csc[z] == brasinlz]

Sin[z]
Rule:lf bc-ad+@ Ap¢Z AmeZ A neZ,then

J(gsin[e+fx])p (a+bCsc[e+fx])" (c+dCsc[e+fx])"dx — gm*"J(gSin[e+fX])p'm'" (b+asin[e+fx])" (d+csin[e+fx])"dx

Program code:

Int[(g_.*sin[e_.+f_.»x_])"p_.*(a_.+b_.xcsc[e_.+f_.xx_]) m_.#(c_+d_.xcsc[e_.+f_.#x_])~n_.,x_Symbol] :=
g~ (m+n) »Int[ (g#Sin[e+Ffxx])~ (p-m-n) x (b+axSin[e+Ffxx]) *mx (d+cxSin[e+fxx]) n,x] /;
FreeQ[{a,b,c,d,e,f,g,p},x] & NeQ[bxc-axd,8] & Not[IntegerQ[p]] && IntegerQ[m] && IntegerQ[n]
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Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

2: J(gsin[e+fx])p (a+bCsc[e+fx])" (c+dCsc[e+fx])"dx whenbc-ad#@ Ap¢Z A -~ (Me€Z A neZ)

Derivation: Piecewise constant extraction
Basis: Oy ( (g Cos[e+fx])P (gSec[e+fx])P) =0

Rule:lf bc-ad+@ Ap¢Z A~ (mMmeZ A neZ),then

(a+bcsc[e+fx])" (c+dCsc[e+fx])"

J(gSin[e+fx])" (a+bCsc[e+fx])" (c+dCsc[e+fx])"dx — (gCsc[e+Ffx])” (gSin[e+fx])pJ

Program code:

(gCsce+fx])P

Int[(g_.»sin[e_.+f_.%x_])"p_.*(a_.+b_.xcsc[e_.+f_.»x_]) m_.#(c_+d_.xcsc[e_.+f_.#x_])~n_.,x_Symbol] :=
(gxCsc[e+fxx])px (gxSin[e+fxx]) p+Int[ (a+bxCsc[e+fxx]) mx (c+dxCsc[e+Ffxx])~n/(g*Csc[e+fxx]) p,x] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x]| && NeQ[bxc-axd,0] && Not[IntegerQ[p]] & Not[IntegerQ[m] & IntegerQ[n]]

dx
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Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

Rules for integrands of the form (gSin[e + fx])P? (a+bSin[e+ fx])™ (c+dCsc[e+ fx])"

t\[@Siﬂe+fx”p(a+bshﬂe+fx”m(c+dCx[e+fx”"dxwmmnez

Derivation: Algebraic normalization

Basis:c +dCsc[z] == %ﬂ

Rule: If n € Z, then

J(gsin[e+fx])” (a+bsin[e+fx])" (c+dCsc[e+fx])"dx — g"j(gsin[e+fx])p'" (a+bsin[e+fx])" (d+csin[e+fx])"dx

Program code:

Int[(g_.»sin[e_.+f_.%x_])"p_.*(a_+b_.#sin[e_.+Ff_.#x_]) m_.(c_+d_.xcsc[e_.+f_.»x_])~n_.,x_Symbol] :=
g nxInt[ (gxSin[e+fxx])~ (p-n) » (a+bxSin[e+Ffxx]) *mx (d+cxSin[e+fxx]) n,x] /;
FreeQ[{a,b,c,d,e,f,g,m,p},x]| && IntegerqQ[n]
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Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

2. j(gsin[e+fx])p (a+bsin[e+fx])" (c+dCsc[e+fx])"dx whenn¢z
1. J(gSin[erFx])" (a+bsin[e+fx])" (c+dCsc[e+fx])"dx whenn¢z A mez

1: |sin[e+fx]° (a+bSin[e+fx])" (c+dCsc[e+fx])"dx whenn¢z AmezZ A pez

Derivation: Algebraic normalization

Basis:a + bSin[z] == bé%[cz[]g

Rule:lf n¢Z Amez A peZ,then

b+aCsc[e+fx])'" (c+dCsc[e+fx])"

J\Sin[e+{:x]p (a+bsin[e+fx])" (c+dCsc[e+Ffx])"dx — J( Cscle + £x]™°

Program code:

Int[sin[e_.+f_.*x_]"p_.#(a_+b_.*sin[e_.+Ff_.#x_]) m_.»(c_+d_.xcsc[e_.+f_.»x_])~n_,x_Symbol] :=
Int[ (b+rasCsc[e+fxx] ) mx (c+d+Csc[e+fxx])n/Csc[e+fxx] " (mep),Xx] /;
FreeQ[{a,b,c,d,e,f,n},x] & Not[IntegerQ[n]] & IntegerQ[m] && IntegerQ[p]

2: J(gSin[erFx])P (a+bsin[e+fx])" (c+dCsc[e+fx])"dx whenn¢z Amez A p¢z

Derivation: Algebraic normalization and piecewise constant extraction

Basis:a + b Sin[z] == bralsclz]

Csc(z]
Basis: Oy (Csc[e + fx]P (gSinfe+fx])P) =

Rule:lf n¢Z Amez A p ¢ Z,then

dx
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Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

(b+acsc[e+fx])" (c+dCsc[e+fx])"

J(gsin[e+fx])p (a+bsin[e+fx])" (c+dCsc[e+fx])"dx — Csc[e+fx]° (gsin[e+fx])pf Cscle+ £x]™

Program code:

Int[(g_.»sin[e_.+f_.%x_])"p_»(a_+b_.xsin[e_.+f_.»x_])"m_.#(c_+d_.xcsc[e_.+f_.#x_])~n_,x_Symbol] :=
Csc[e+fxx] px (g+Sin[e+fxx]) p+Int[ (b+axCsc[e+fxx]) mx (c+dxCsc[e+fxx])n/Csc[e+Fax]" (m+p),Xx] /;
FreeQ[{a,b,c,d,e,f,g,n,p},x] && Not[IntegerQ[n]] & IntegerQ[m] && Not[IntegerQ[p]]

2: J(gsin[e+fx])p (a+bsin[e+fx])" (c+dCsc[e+fx])"dx whenn¢z A m¢z

Derivation: Piecewise constant extraction

H (gSinfe+fx])" (c+dCsc[e+fx])"
Basis: Ox (d+c Sinf[e+f x])"

Rule:lIf n¢ Z A m¢ Z,then

J(gSin[e+fX])p (a+bsin[e+fx])" (c+dCsc[e+fx])"dx —

(gsin[e+fx])" (c+dCsc[e+Ffx])"

Grcsin[er x])" [(gstn[ex#x])"" (avbsinfes £x])" (d+csinfes x])" ax

Program code:

Int[(g_.»sin[e_.+f_.*x_])~p_.*(a_+b_.+sin[e_.+Ff_.#x_] ) m_«(c_+d_.xcsc[e_.+f_.#x_])~n_,x_Symbol] :=

(g*Sin[e+fxx])~“nx (c+dxCsc[e+fxx]) ~n/ (d+cxSin [e+fxx])~n+Int[ (gxSin[e+fxx])" (p-n) » (a+bxSin[e+fxx]) m« (d+cxSin[e+Ffxx]) n,x] /;

FreeQ[{a,b,c,d,e,f,g,m,n,p},x]| & Not[IntegerQ[n]] & Not[IntegerQ[m]]

dx



Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n
Rules for integrands of the form (gCsc[e + fx])P (a+bSin[e+ fx])™ (c +dSin[e + fx])"

1. j(ngc[ewa])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx whenbc-ad#@ A p¢z

1: J(ngc[e+fX])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx whenbc-ad#@ Ap¢Z AmeZ Anez

Derivation: Algebraic normalization

Basis:a + b Sin[z] == bralsclz]

Csc[z]
Rule:lf bc-ad+@ Ap¢Z AmeZ A neZ,then

J(ngc[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx — gm*"J(ngc[e+fx])p'm'" (b+acsc[e+fx])" (d+cCsc[e+Ffx])"dx

Program code:

Int[(g_.»cscle_.+f_.xx_])"p_.*(a_.+b_.xsin[e_.+f_.»x_]) m_.#(c_+d_.«sin[e_.+Ff_.+x_])~n_.,x_Symbol] :=
g~ (m+n) »Int[ (g*Csc[e+Ffxx])~ (p-m-n) x (b+axCsc[e+Ffxx]) *mx (d+cxCsc[e+fxx]) n,x] /;
FreeQ[{a,b,c,d,e,f,g,p},x] & NeQ[bxc-axd,8] & Not[IntegerQ[p]] && IntegerQ[m] && IntegerQ[n]
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Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

2: J(ngc[e+fX])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx whenbc-ad#@ Ap¢Z A -~ (M€Z A neZ)

Derivation: Piecewise constant extraction
Basis: Oy ( (gCsc[e+fx])P (gSin[e+fx])P) ==0

Rule:lf bc-ad+@ Ap¢Z A~ (mMmeZ A neZ),then

(a+bsin[e+fx])" (c+dsin[e+fx])"

J\(g(isc[erFx])'J (a+bsin[e+fx])" (c+dsin[e+fx])"dx — (gCsc[e+Ffx])” (gSin[e+fx])pj

Program code:

(gsin[e+fx])P

Int[(g_.xcsc[e_.+f_.xx_])"p_.*(a_.+b_.xsin[e_.+f_.»x_]) m_.#(c_+d_.+sin[e_.+f_.#x_])~n_.,x_Symbol] :=
(gxCsc[e+fxx])px (g+Sin[e+fxx]) p+Int[ (a+bxSin[e+fxx]) mx (c+d«Sin[e+Ffxx])~n/(g+Sin[e+fxx])p,x] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x]| && NeQ[bxc-axd,0] && Not[IntegerQ[p]] & Not[IntegerQ[m] & IntegerQ[n]]

dx
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Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

Rules for integrands of the form (gCsc[e + fx])P (a+bSin[e+ fx])™ (c+dCsc[e+ fx])"

1:Jkg&ch+fx”p(a+bﬁnh+fx”m(c+d$ch+fx”"dxwmnmez

Derivation: Algebraic normalization

Basis:a + bSin[z] == %[]A

Rule: If m € Z, then

J(ngc[e+fX])” (a+bsin[e+fx])" (c+dCsc[e+fx])"dx — g“‘j(ngc[e+fx])p'm (b+acsc[e+fx])" (c+dCsc[e+fx])"dx

Program code:

Int[(g_.xcsc[e_.+f_.xx_])"p_.*(a_+b_.+sin[e_.+f_.#x_]) m_.» (c_+d_.xcsc[e_.+f_.»x_])~n_.,x_Symbol] :=
gmxInt[ (gxCsc[e+fxx])~ (p-m) » (b+axCsc[e+Fxx])mx (c+dxCsc[e+fxx]) n,x] /;
FreeQ[{a,b,c,d,e,f,g,n,p},x]| && IntegerQ[m]
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Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

2. j(ngc[e+fx])p (a+bsin[e+fx])" (c+dCsc[e+fx])"dx whenm¢ z
1. J(ngc[en‘x])" (a+bsin[e+fx])" (c+dCsc[e+fx])"dx whenm¢z A nez

1: |Csc[e+fx]° (a+bSin[e+fx])" (c+dCsc[e+fx])"dx whenm¢zZ Anez Apez

Derivation: Algebraic normalization

Basis:c +dCsc[z] == d+Scl_snl[nz[];L

Rule:lf m¢ Z A nez A p e Z,then

a+bSin[e+fx])'" (d+cSin[e+fx])"

JCsc[en“x]p (a+bsin[e+fx])" (c+dCsc[e+Ffx])"dx — J( sin[e+ £x]"

Program code:

Int[csc[e_.+f_.#x_]"p_.#(a_+b_.xsin[e_.+F_.#x_]) m_« (c_+d_.xcsc[e_.+F_.#x_])~n_.,x_Symbol] :=
Int[ (a+bsSin[e+fxx] ) mx (d+cxSin[e+fxx])~n/Sin[e+fxx] " (n+p),x] /;
FreeQ[{a,b,c,d,e,f,m},x] & Not[IntegerQ[m]] & IntegerQ[n] && IntegerQ[p]

2: J(ngc[erFx])P (a+bsin[e+fx])" (c+dCsc[e+fx])"dx whenm¢z Anez A pé¢z

Derivation: Algebraic normalization and piecewise constant extraction

Basis: ¢ + d Csc[z] == drcsinlz]

Sin[z]
Basis: Ox (Sin[e + fx]P (gCscle+fx])P) =

Rule:lf m¢Z A nez A p ¢ Z,then

dx
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Rules for integrands of the form (g sin[e+f x])"\p (a+b sin(e+f x)~"m (c+d sin(e+f x))~n

(a+bsin[e+fx])" (d+csin[e+fx])"

J(ngc[eH‘x])p (a+bsin[e+fx])" (c+dCsc[e+fx])"dx — Sin[e+fx]" (ngc[e+fx])pf sin[e+fx]™

Program code:

Int[(g_.»csc[e_.+f_.xx_])"p_»(a_+b_.xsin[e_.+f_.»x_])"m_x(c_+d_.xcsc[e_.+f_.»x_])"n_.,x_Symbol] :=
Sin[e+fxx]"px (gxCsc[e+fxx]) p+Int[ (a+bxSin[e+fxx]) mx (d+cxSin[e+fxx])~n/Sin[e+Ffxx]" (n+p),x] /;
FreeQ[{a,b,c,d,e,f,g,m,p},x] & Not[IntegerQ[m]] & IntegerQ[n] && Not[IntegerQ[p]]

2: J(a+bsin[e+fx])"' (c+dcsc[e+fx])" (gCsc[e+fx])Pdx whenm¢z A n¢z

Derivation: Piecewise constant extraction

fee (gCscle+fx])™ (a+bSin[e+fx])™
Basis: Ox (b+a Csc[e+fx])" o

Rule:lf m¢ Z A n ¢ Z,then

J(a+b5in[e+fx])'" (c+dcsce+fx])" (gCsc[e+Fx])Pax —

(a+bsin[e+fx])" (gCsc[e+Fx])"

(b acsc[or 2])° [(ecscles £x])>" (bracse[esfx])" (c+dscle s x])" ax

Program code:

Int[(g_.xcsc[e_.+f_.xx_])"p_.*(a_+b_.+sin[e_.+Ff_.+x_] ) m_« (c_+d_.xcsc[e_.+f_.#x_])~n_,x_Symbol] :=
(a+bxSin[e+fxx])mx (gxCsc[e+fxx]) m/ (b+raxCsc[e+fxx]) mx
Int[ (g*Csc[e+fxx] )~ (p-m)« (b+axCsc[e+fxx]) m« (c+dxCsc[e+fxx])"n,x]| /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x]| & Not[IntegerQ[m]] & Not[IntegerQ[n]]

dx
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